We investigate numerically kink collisions in a 1 + 1 dimensional scalar field theory with multiple vacua.
I. INTRODUCTION
Scattering of kink solutions in 1 + 1 dimensional field theories revealed a rich phenomenology.
Depending on the impact velocity, very different scattering outcomes can be observed in kinkantikink collisions in φ 4 [1] [2] [3] [4] [5] and φ 6 [6, 7] models. There exist "windows" or velocity ranges for which kink and antikink collide, reflect, recede to a finite separation, then return to collide again before they escape to infinity. Such a velocity regime is called a two-bounce window, labeled by the number of reflections -the bounce number. Windows of higher bounce numbers have been studied in the past. There also exist velocities for which the kink and antikink pair capture each other and form a long-lived, oscillatory bound state (an oscillon) which can persist for thousands of oscillations before decaying to the vacuum. Numerical and analytical studies [2, 3] of kink-antikink collisions in φ 4 models showed that reflection and annhilation alternate resulting in a nested structure of "resonance windows". Furthermore, novel types of interactions have been found when studying multi-kink scattering in the presence potential wells and barriers [8] or recently in the presence of boundaries [9, 10] .
In this article, we are particularly interested in the dynamics of kink solutions in a model with two scalar fields [11] . The 1+1 dimensional model recently introduced in Ref. [11] admits solitons which interpolate between discrete vacua of different energy. The minima of lowest energy are called true vacua and the minima of higher energy are identified with false vacua. Domain walls connecting different vacua, true or false, are known to be important in cosmology, where they have been discussed as a candidate to explain the dark energy of the Universe without recourse to a non-vanishing cosmological constant [12] [13] [14] [15] . For a detailed discussion of the cosmological consequences of domain walls and other topological defects we refer the interested reader to the review article [16] .
When several such domain walls are present, domain wall collisions may occur. Domain wall collisions in a single-field scalar theory with an asymmetric double well potential and hence with vacua of different energies have for example been explored in Refs. [17] [18] [19] . When kink and antikink are evolved in this model, they attract and undergo multiple collisions [17] radiating away their energy. Ultimately, the kink-antikink pair decays to the true vacuum by radiation. Note that this scattering behaviour differs from the one observed in a symmetric double well. In this case, for suitably chosen initial velocities, the kinks are able to escape to infinity after colliding with each other.
The domain wall model [11] we are interested in is more complicated and allows for a wider range of scattering behaviours since it involves two scalar fields and a potential term built from an asymmetric double well and sine-Gordon potential together with an interaction term. The inclusion of a sine-Gordon potential is particularly interesting because sine-Gordon kinks can be experimentally observed in a wide range of condensed matter systems. Examples include magnetic flux quanta in Josephson junctions of two superconductors [20, 21] , domain walls in twocomponent Bose-Einstein condensates [22] and in two-band superconductors [23, 24] , magnetic bubbles in ferromagnets [25] , defects in superfluid Helium-3 [26] , soliton excitations within DNA chains [27] [28] [29] [30] [31] , ideal switches for weak signal detection [32] and thermodynamic excitations in classical statistical mechanics [33] . Domain wall formation and their decay have also been studied during chiral phase transition in QCD-like theories [34] . For a detailed discussion of topological solitons in dense QCD and their phenomenological implications, we refer the interested reader to the review article [35] and references therein.
Here, double-sine-Gordon systems [36, 37] -sine-Gordon models generalised by adding a harmonic term to the ordinary sine-Gordon potential -are of particular interest in physical applications. For example, soliton creation in the A phase of superfluid Helium-3 can be modelled as domain wall formation in the sine-Gordon model, whereas the dynamics in the B phase is governed by a double-sine-Gordon equation [38, 39] . Double sine-Gordon equations also emerge in the study of spin excitations in ferromagnetic chains [40] and can help to explain self-induced transparency in dielectrics [41] . Double sine-Gordon models have been used to simulate phase transitions in K 2 SeO 4 and (NH 4 ) 2 BeF 4 crystals [42, 43] , to describe domain wall formation in ferroelectric crystals [44] [45] [46] and to model fluxon dynamics in Josephson junctions [47] . Moreover, diffraction patterns of crystal surfaces have been successfully reproduced [48] by double-sineGordon soliton-like atomic arrangements. Double-sine-Gordon models have also been proposed [49] to describe the quark-confinement mechanism.
Finally, another motivation for including a sine-Gordon type potential comes from the fact that unlike kinks and antikinks in the double-well potential sine-Gordon kinks pass through each other when colliding. Hence, the addition of a sine-Gordon potential term may not only result in the fusion or fission of solitons but also give rise to elastic soliton scattering. Elastic properties are relevant when for example modelling nuclear collisions by soliton scattering [50, 51] .
In the recent publication [11] , it was shown that combining an asymmetric double well potential and double-sine-Gordon potential together with a nonlinear interaction potential which prevents double well kinks and sine-Gordon kinks from passing through each other (but whose specific form is not crucial and other choices are possible [52] ) can result in the formation of novel soliton configurations, esp. false domain walls. False domain walls interpolate between distinct false vacua, with true vacuum trapped in the core of the domain wall. Here, the double-sine Gordon field acts as a shepherd field herding the solitons of the double well potential (the sheep) so that they are bunched together.The shepherd field is unstable to quantum tunnelling to its true vacuum; once this occurs, the sheep are released and will spread out to infinity. In Ref. [11] , the amplitude for such a decay has been calculated. In this article, we want to extend the analysis of Ref. [11] and explore numerically the collision phenomenology of soliton solutions in this model in detail.
The model investigated here may be artificial and not particularly realistic, but it does allow us to study the effect of solitons on vacuum stability and the confinement of solitons in a simple 1+1 dimensional setting.
The interaction properties of double-sine-Gordon solitons have been investigated e.g. in
Refs. [37, 38, [53] [54] [55] [56] . As for the φ 4 potential case, there is a system of resonance windows in the range of initial kink velocities. Note that collisions between sine-Gordon kinks have been recently studied [57] in a very similar setting [58] to ours. In particular, the authors of Ref. [57] carried out a systematic analysis of the scattering dynamics of kinks connecting true and false vacuum minima in a system of three coupled long Josephson junctions. However, in their model kinks interpolating between true and false vacuum states arise as solutions of a set of two coupled sine-Gordon equations. Interactions of chiral domain walls with properties resembling those found in our model have been analyzed in Refs. [59, 60] in the nonlinear Schrödinger (NLS) equation using variational methods and direct numerical simulations. The authors constructed "solitonic bubbles", i.e. stationary tightly bound states formed by stable and unstable domain walls. In particular, they found a (unstable) tightly bound soliton complex (compare Fig. 13 in Ref. [59] ) that bears some ressemblance to the domain walls considered in this article. Finally, there exists a vast literature on kink interactions in multi-component NLS equations. For example pulse propagation in nonlinear optical fibers can be described by a system of coupled NLS equations [61, 62] and scattering of bright solitons in Bose-Einstein condensates can be modelled by a system of two coupled 2D NLS equations [63] .
In this article, our objective is to consider the dynamics of kinks connecting local potential minima of different depths in a model built from an asymmetric double well and (double) sineGordon potential together with an interaction term.
This article is structured as follows. In section II, we briefly review some of the features of the domain wall model introduced recently in Ref. [11] . In section III, we present our numerical results of various kink collisions and analyze in detail the observed scattering behaviour. Finally, we summarize our conclusions in section IV. In the appendix, we discuss a point-particle approximation which can be used to mimic some of the features of the complicated scattering dynamics in this model. Note that a point particle approximation very much similar to ours has been previously discussed in Salmi and Sutcliffe's work [64] on skyrmion solutions in the lightly bound baby Skyrme model. Their motivation for studying the dynamics of baby Skyrmions [65] [66] [67] is that it is a toy model for Skyrmions [68, 69] , a soliton model for nuclear physics. Although our kink model is completely unrelated to the Skyrme model, we find that similar particle approximations work and hence our model reproduces features of the lightly bound [70] [71] [72] [73] and conventional Skyrme models. This gives us another motivation to study kink dynamics in this 1 + 1 dimensional field theory.
II. THE MODEL
We consider the model [11] of two real scalar fields φ and ψ defined by the Lagrangian density
where V(ψ, φ) is a scalar potential given by
with the individual potential terms
and the interaction potential
The model (1) admits kink-type soliton solutions. For vanishing asymmetry parameters ( φ = ψ = 0) and vanishing coupling constant λ, there are essentially two different types of solitons: φ is a sine-Gordon field and the ψ field describes kink solutions connecting the two different vacua ψ vac = ±a of the double-well potential. Switching on the asymmetry parameters φ and ψ , gives rise to a set of discrete vacua of different energy.
In Ref. [11] , we considered the special case of domain walls interpolating between two distinct false vacua, with true vacuum in the core of the domain wall. Such "false" domain walls can be constructed by trapping the solitons of the φ field, which we call sheep, within the solitons of the ψ field, the shepherd. The sheep field φ is in its false vacuum outside the domain wall and in its true vacuum inside the domain wall. These sheep are prevented from spreading out to infinity by the shepherd field ψ. The ψ field is in its true vacuum outside the domain wall, but in its false vacuum inside the domain wall. For non-zero coupling constant λ, the interaction potential V ψφ (ψ, φ) provides an energy barrier which prevents φ solitons from passing through the ψ solitons.
For numerical calculations, we introduce in (5) a small, non-zero parameter γ to ensure that the contribution to the energy of the interaction term remains finite. We refer the interested reader to Ref. [11] for a detailed discussion of "false" domain walls in model (1) and their decay via quantum tunnelling.
In this article, we want to focus on the dynamics of domain walls interpolating between the distinct discrete vacua of model (1) . We choose the following set of parameters:
For the parameter choice (6), the density plots of the full scalar potential (2) A and A connect true to false vacua and B and B link false to true vacua, see Fig. 1 (b) . We display in Fig. 2 examples of kinks labelled by A and B, respectively. To obtain solutions such as those shown in Fig. 2 , we first apply a numerical relaxation method. We construct minimal energy solutions in the model (1) by solving the gradient flow equations with a crude initial guess (a straight line approximation for the sheep field φ and an approximation in terms of hyperbolic tangents for the shepherd field ψ). The field equations have been given explicitly in Ref. [11] . The boundary conditions for kinks of type A and B are chosen as stated above. Due to the imbalance in vacuum energies, the A or B kink will move away from the origin during the relaxation process in order to extend the region of true vacuum. We restore the kink's position to the centre by locating the maximum of the shepherd field ψ and shifting the kink so that this is located at the origin, We create suitable initial conditions for our scattering simulations of soliton solutions in model
(1) by sticking together kinks of two different types positioned at x = −20 and x = +20 respectively. In the following, we label each kink combination by XY, where X stands for the chosen kink type at the left hand side (negative direction of the x-axis) and Y specifies the kink type at the right hand side (positive direction of the x-axis). Note that due to the structure of false and true vacua not all combinations of kinks of types A, B, A and B are allowed. We summarize all of the possible combinations in Table I . We use cross symbols whenever the structure of false and true vacua excludes a given combination.
We set up our initial conditions by linking either two true or two false vacua. For example, an AB configuration can be created by sticking together a kink of type A, e.g. φ = −1 → φ = 0, with one of type B, namely φ = 0 → φ = +1. A configuration of type BA can be constructed by linking a soliton of type B, e.g. φ = 0 → φ = +1 with one of type A, given by φ = +1 → φ = +2. For each combination, we include in Table I whether the solitons repel or attract when they are wellseparated and initially at rest. Solitons with regions of true vacuum in between feel a repulsive force and will accelerate away from each other leaving behind them true vacuum. Solitons with false vacuum in between them attract one another. 
III. SCATTERING
In this section we present and discuss the results of our numerical simulations into the scattering behaviour of the solitons introduced above. We consider combinations of the type AB, BA, BA, and AB. Other combinations, e.g. AB, are omitted from our discussions because their scattering behaviour is equivalent to those already in our list, and so would not provide any new information.
Videos of our kink simulations have been added as supplementary material to this article and we urge the reader to view them. In the appendix, we discuss a point-particle approximation which reproduces some of the scattering outcomes observed in this section.
Our numerical simulations use a finite difference leapfrog method. We choose the timestep ∆t = 0.002 and the grid spacing ∆x = 0.01 throughout, and typically work with grids of 20,001 or 40,001 points. Near the boundary, we apply a damping method in each timestep by updatinġ φ andψ to approach zero exponentially. This reduces radiation and reflection from the boundary. well-separated and initially at rest. Here, the first column specifies the kink type at the left hand side (negative direction of the x-axis) and the first row gives the kink type at the right hand side (positive direction of the x-axis). The symbol " " is used whenever a particular combination is excluded. oscillates several times, radiating away its energy, before settling into a false domain wall [11] . In this final soliton state, the sheep field φ is in the false vacuum outside the domain wall, but passes through the true vacuum inside the domain wall. The φ field in this configuration cannot separate to infinity because it is trapped by the shepherd field ψ which is in its true vacuum outside the domain wall, but in its false vacuum inside the domain wall. In Fig. 4(a) , the outgoing velocity is plotted to be zero whenever a false domain wall is formed. Case (ii) is shown in the snapshots plotted in Fig. 3 (e)-(h) for v = 0.8. Here, the kinks are in an escape resonance. Rather than settling As a summary, we track the positions of the solitons in AB collisions by plotting the maxima of the energy density of the sheep field φ. In Fig. 6 , we include contour plots of the energy density of the sheep field φ for three choices of initial velocity. From rest, the kinks A and B repel, see Fig. 6(a) . Here, the kink's trajectory can be well approximated by a function of the form
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where c 1 , c 2 , c 3 , c 4 , c 5 are taken to be fitting parameters. We compare in Fig. 6 (a) the kink's trajectory obtained from full field simulations with the function (7) with the best fit parameter values form a metastable domain wall configuration [11] . In the following, we call this type of behaviour "sticking". In Fig. 6(b) , we display the position plot of such a scattering process for v = 0.7. For v = 0.7, we find that the kinks form an excited false domain wall at time t = 20 (For reasons of clarity, in the figures time is divided by 100.). During each oscillation energy is radiated away so that after a few oscillations the kink pair settles into a false domain wall. In Fig. 6(c) Note that the appearance of escape bands for kink-antikink collisions in the double well case and in similar models has been explained in the literature [2, 6] by an energy transfer between the translational and vibrational modes of the individual solitons. In the first collision energy is transferred to the vibrational modes, so that below a certain velocity the solitons do not have enough kinetic energy to escape their mutual attraction. Hence, they attract again and collide another time.
After two or three or more kink-antikink collisions enough energy could be transferred back from the vibrational modes to the translational modes, allowing the solitons to escape back to infinity.
To get a better understanding of the "wobbling" effect seen in AB kink collisions for initial measure at x 0 = 0 (inside the soliton core) the deviation from the static kink solution by recording φ t (t, x 0 = 0). To find the frequency components, we compute the fast fourier transform |φ t (ω, x 0 = 0)| of the recorded data using the MATLAB built-in function fft. All model parameters are chosen as in (6) . In Fig. 7 , we display φ t (x = 0, t) versus t and the resulting power spectra |φ t (ω, x 0 = 0)|.
We confirm that the fluctuations are governed by a set of discrete frequencies with the dominating frequency found at ω ≈ 0.7.
The frequency components observed in the full numerical time evolution can be compared to the shape oscillations obtained in the small perturbation approximation, that is for small fluctua- 
where we neglected the contribution coming from the nonlinear coupling potential V ψφ . Substituting the ansatz δφ(x, t) = cos ωtδφ(x) into the fluctuation equation (8) yields a Schrödinger
with effective potential
The perturbation is required to vanish at spatial infinity for all t, hence we impose the boundary conditions δφ(±∞) = 0. We solve the Schrödinger equation (9) on the spatial interval [−25, 25] with the SLEIGN2 code [74] . We display in Fig. 8 the effective potential (10) together with the first few numerically calculated eigenfrequencies. In particular, we find ω 1 = 0.58 , ω 2 = 0.64 and ω 3 = 0.71. 
B. BA scattering
The next scattering process to investigate is the collision of a kink of type B with one of type A. A configuration of type BA can be found in Fig. 9(a) . Here, the B sheep field interpolates from the true vacuum at φ = 0 to the false vacuum at φ = +1. The A sheep field is then attached to this false vacuum and connects it with the true vacuum at φ = +2. Hence, the initial soliton setup In Fig. 9 (a)-(d), we plot snapshots of the field configuration for the initial velocity v = 0.8.
The kinks accelerate towards each other converting false vacuum to true vacuum. They form an excited bound state which settles into a true domain wall after a few oscillations.
C. BA scattering
Recall that in our notation, BA is the combination of a kink interpolating from true vacuum to false vacuum with one interpolating from false vacuum to true vacuum in the reverse direction. In the following, we attach a B sheep field interpolating from φ = 0 → φ = +1 to an A sheep field interpolating from φ = +1 → φ = 0. The initial field configuration is displayed in Fig. 10(a) .
Configurations of the type BA, like those of type BA, have true vacua outside and false vacuum in between. Thus the solitons will attract one another from rest. Due to the attraction between the solitons, and the kink-antikink like nature of the configuration, the final result of any BA scattering is the formation of an oscillon that slowly radiates away energy and ultimately annihilates to the true vacuum. However, we observe that depending on the initial velocity v given to the solitons, this may be achieved in different ways. In some cases, the solitons first reflect from one another and travel apart, before they are drawn back together and collide again. This second collision may result in either the creation of an oscillon, or a repetition of the reflection behaviour. Note that kink-antikink scatterings in which oscillons are formed have been observed before in a wide range of scalar field theories, see e.g. [4, 5, 17, 75] . During each oscillation, some of an oscillon's energy is radiated away, so it will eventually decay. However, the oscillon will persist for a very long time before this occurs. During their first collision, the kinks reflect off one another and separate. Then they collide once more, forming an oscillon that will ultimately decay to the true vacuum.
Snapshots of the field configuration during a BA scattering with initial velocity v = 0.8 are shown in Fig. 10 . The sheep field φ is displayed in blue, and the shepherd field ψ is shown in red. This choice of initial velocity results in two kink collisions. The first collision is seen in Fig. 10(b) . During this collision there are three bounces in the shepherd field at the origin before the solitons separate and travel apart. Fig. 10(c) shows the solitons excited by their collision, and well separated by a region of false vacuum. Following this, the solitons attract and collide once
more. An oscillon is formed which will ultimately annihilate to the true vacuum. This can be seen in Fig. 10(d) .
The kink collisions and oscillon are most clearly seen in the shepherd field ψ(x, t). In Fig. 11 , we plot the shepherd field ψ(0, t) at the origin as a function of t for three different choices of initial velocity where the solitons collide once, twice and three times respectively. The simplest case is illustrated in Fig. 11(a) . Here the solitons capture each other during their first and only collision at t = 65 (for reasons of clarity, time is divided by 100). They form an oscillon, which is seen for t > 105 as a long-lived series of oscillations in the ψ field. Fig. 11(b) corresponds to initial velocity v = 0.355. During the first collision of the solitons, near t = 40, there are four bounces in the shepherd field, before it returns to its false vacuum value. The solitons collide again at t = 57, and this results in the formation of an oscillon at around t = 90. In Fig. 11(c) , the initial velocity is v = 0.606. The solitons first collide at t = 22, with the shepherd field bouncing three times before returning to its false vacuum value. The solitons remain separated for some time, before they collide again near t = 165. During this second collision there are four bounces in the shepherd field. The final soliton collision takes place at t = 187, and an oscillon is seen for t > 220 . Another two reflection collision is seen in Fig. 11(d) , corresponding to initial velocity v = 0.808. The solitons collide for the first time at t = 13, during which we count three bounces.
Their second collision occurs at t = 212. This collision is unusual, as it features only two bounces and the false vacuum is attained in between bounces. Previously we had only observed windows of three bounces or more, and the false vacuum was only attained after the period of bouncing was complete. separated by regions in which the solitons annihilate. Note that our initial velocity windows are only accurate to three significant figures, and we expect that, were we to investigate with greater resolution, other windows with two or more reflections could be found.
The positions of the solitons during the scattering process can be understood from the maxima of the energy density of the sheep field φ. In Fig. 13 we display contour plots of the sheep energy density for three choices of initial velocity: (a) v = 0, (b) v = 0.355, and (c) v = 0.606, with the locations of the soliton collisions indicated in the figures. In Fig. 13(a) , we see the solitons attract from rest and collide once, resulting in the formation of an oscillon which ultimately decays to the true vacuum. The oscillon is more clearly seen in Fig. 11(a) , but the contour plot allows us to track the positions of the solitons away from the origin throughout the process. Up to the first collision point, the parabolic kink orbit in Fig. 13(a) is well described by Eq. (7) with the best fit parameter them back together for a second collision, which creates an oscillon. The first collision takes place near t = 40, and the second is at t = 57 (for clarity, time is divided by 100). This can be compared with Fig. 11(b) , which uses the same initial velocity. Finally, Fig. 13 (c) presents a scattering in which the solitons collide and reflect off one another twice before a final collision in which they form an oscillon that decays to the true vacuum. We see that after the first collision, the solitons travel quite far apart before the attraction between them pulls them back together for a second collision. The final collision takes place near t = 180, ultimately resulting in the annihilation of the solitons. This figure can be compared with Fig. 11(c) , which uses the same choice of initial velocity, to see how the locations of the collisions correspond to the bounces in the shepherd field.
D. AB scattering
Finally we consider scattering processes of the type AB, where we attach a kink interpolating from false vacuum to true vacuum to one interpolating from true vacuum to false vacuum in the reverse direction. In our simulations, we choose that the A sheep field φ interpolates from φ = −1 → φ = 0, and the B sheep field interpolates from φ = 0 → φ = −1. This initial setup of the solitons is shown in Fig. 14(a) .
Note that any AB configuration has the region of true vacuum in between the kinks. Therefore the solitons will repel from rest. To overcome this repulsion and create soliton collisions, we boost the kinks towards each other with a given initial velocity. We carry out simulations over the range of initial velocities 0 ≤ v ≤ 0.9. Fig. 15 displays the final kink velocity as a function of the initial velocity, where final velocity is measured as the kink in the positive x-axis passes x = 50.
Similarly to the AB scatterings discussed earlier, we observe three different scattering outcomes.
Firstly, for velocities 0 ≤ v ≤ 0.476, the kinks cannot overcome their repulsion and will escape to infinity without ever colliding. Fig. 15(a) shows that final velocity is always significantly higher than the corresponding initial velocity in this regime.
For velocities greater than the critical velocity v crit = 0.476, there are two possible outcomes: (i) the solitons capture each other and form an oscillon which ultimately decays to the false vacuum, or (ii) the solitons reflect and recede from each other, escaping to infinity. Case (i), henceforth referred to as annihilation, is illustrated by the snapshots in Fig. 14(a)-(d) , which correspond to the initial velocity v = 0.7. The AB pair collide and trap each other, as seen in (b) and (c).
Ultimately the configuration annihilates to the false vacuum, shown in (d). In Fig. 15 , the final velocity is plotted to be zero whenever the kinks annihilate. Case (ii), which we will refer to as escape, is shown by the snapshots in Fig. 14(e) -(h), where the initial velocity is v = 0.8. The kinks collide and separate, seen in (f) and (g). After three bounces in the shepherd field, the excited solitons travel apart to infinity, which is shown in (h).
In the region v > 0.476, Fig 15(a) shows that a fractal structure emerges in which there are several distinct windows of the escape behaviour separated by regions of annihilation. This is similar to the kind of fractal structure observed in other soliton models [2, 4, [76] [77] [78] . In Fig. 15(a) , we increment the initial velocity by 10 −3 , and we expect that with greater resolution, more windows would be observed. The windows of escape behaviour can be classified by the number of bounces in the shepherd field ψ at the origin before the solitons separate and escape to infinity. Fig. 16 shows the number of bounces in ψ(0, t) as a function of the initial velocity over the interval where these windows appear. We have observed only windows of three bounces or more, with the three bounce window being by far the longest. For v > 0.866, the windows are of a much shorter length. In this region, we expect to see more windows emerge if data is taken with a greater resolution. The shortest window is that with 8 bounces, which is the largest number of bounces that we have seen. It is structured as a group of six bounces, with two further bounces occurring after some time. This is unusual compared to the other scattering events, in which all of the bounces in the shepherd field happened close together.
To compare the paths taken by the solitons during AB scattering events resulting in annihilation or escape, contour plots of the energy density for the sheep field φ with two choices of initial velocity are contrasted in Fig. 17 . In Fig. 17(a) , where v = 0.7, the collision of the solitons results in the formation of an oscillon at t = 80 (for clarity, time is divided by 100). This gradually loses energy, and ultimately annihilates to the false vacuum. The escape behaviour is seen in Fig. 17 escape to infinity.
IV. CONCLUSIONS
We have investigated kink collisions in a 1 + 1 dimensional scalar field theory with multiple vacua. We summarize in Table II the different scattering behaviours observed for AB, BA, BA and AB kink collisions: repulsion, annhilation, formation of a true or false domain wall ("sticking") and reflecting off each other. Here, the tick symbol indicates that the respective behaviour is observed, whereas the cross symbol denotes that the respective behaviour is not exhibited.
Whenever there is true vacuum in between the kink pair (see AB, AB), the kinks are found to be repulsive up to a critical value of the initial velocity at which they can overcome their mutual repulsion. Kink configurations with false vacuum in between (see BA, BA) feel an attractive force and always capture each other after colliding.
In AB collisons, we observe "sticking" and reflection velocity regimes. In the sticking velocity regimes, false domain walls [11] are formed, whereas for velocities within the reflection regime the kinks reflect off each other and then escape back to infinity. Within the reflection regime, there are always three bounces counted in the shepherd field before the kinks escape. The appearance of these escape bands in which the two kinks ultimately escape back to infinity has been related in similar kink models to an energy exchange between translational and vibrational modes [2, 6] .
For BA collisions, we find for all initial velocities the same scattering outcome, the formation of a true domain wall.
Scattering processes of the type AB exhibit three different types of behaviour: repulsion at low initial velocities, annhilation and reflecting off each other with subsequent escape back to infinity. Recall that the annihilation does not occur immediately. The AB pair forms an oscillon which eventually decays to the true vacuum. Furthermore, we find regions of initial velocities or repulsion, annhilation, formation of a true or false domain wall ("sticking") and reflecting off each other.
Here, the symbol " " indicates that the respective behaviour is observed, whereas " " denotes that the respective behaviour is not exhibited.
Repel Annihilate Stick Reflection AB BA BA AB windows for which reflection and annhilation alternate. Note that the final kink velocity versus initial velocity graph has a fractal structure [4] . When we zoom into the initial kink velocity near to an interface between e.g. a three-bounce window and an annihilation window one sees the appearance of more four-bounce and annihilation windows.
The final scattering outcome of any BA collision is the formation of an oscillon that radiates away energy and ultimately annihilates to the true vacuum. Note that there are two very different ways in which an oscillon can be formed. The BA kinks first reflect from one another and travel apart, before they are drawn back together and collide again. Depending on the initial velocity, the second collision results in either annhilation of the kink pair or in a number of bounces in the shepherd field. When refining the resolution, we expect to find other windows with two or more reflections.
Note that for the specific parameter choice (6) , in all the scattering events we have examined so far the scattered kinks never pass through each other. Even when choosing the coupling constants so that the model approaches the sine-Gordon model, the kinks do not pass through each other.
For example, scattering A andB kinks in model (1) with parameters
results in an oscillon in the shepherd field which prevents the sheep fields from passing through each other, see Fig. 18 . Note that recently it has been found that monopoles and antimonopoles prefer to annihilate rather than scatter [79] . Possible lines of further investigation could be the study of multi-kink solutions and their scattering behaviour. In this appendix, we discuss a toy model which mimics some of the features of the scattering of our kinks. Let m be the reduced mass of A and B kinks, and let r(t) be their relative position at time t. We try to model the sheep scattering using a point particle approximation with equation of
where m, g, a, b, c, d, f are constants. Here, the first term in (A1) allows for the existence of metastable bound state, while the second term acts as a contact interaction term preventing A and B kinks from passing through each other. To allow for radiation, we add a friction term of the form dṙe −cr . We solve (A1) subject to the conditions
so that the points start at positions ±1, and where v 0 is used to specify the initial velocity. The signs of a and g are used to determine which type of configuration we study. 
The corresponding potential V(r) is displayed in Fig. 19(a) . It has one minimum, which is located near the origin. For different values of the initial velocity v 0 , we observe different scattering outcomes. In Fig 19(b) , we show the solutions x 1 (t) and x 2 (t) for v 0 = 0, where these are related to the solution of (A1) by r(t) = x 1 (t) − x 2 (t). This mimics the behaviour of the AB kinks for low initial velocities, where they cannot overcome their repulsion, and separate to infinity. Fig 19(c) displays the solutions for initial velocity v 0 = −1.5. Here we see the formation of a metastable bound state, akin to the formation of a false domain wall in the AB "sticking" behaviour. Finally, in Fig. 19(d) , we take initial velocity v 0 = −2, and observe the points reflect off each other and separate to infinity. 
We display the corresponding potential V(r) in Fig. 20(a) . It has one minimum, located near r = 1.
When solving the equation of motion (A1), the result is always the formation of a bound state. This is also true of the BA configurations, which will ultimately form a true domain wall regardless of the initial velocity. Fig. 20(b) shows the solutions x 1 (t) and x 2 (t) obtained from the initial velocity v 0 = −1, which form a bound state over time.
To try and model AB scattering, we choose a < 0 and g > 0. 
The corresponding potential V(r) is displayed in Fig. 21(a) . It has one maximum, located near r = 1. There are two different types of behaviour. Firstly, the points can repel and separate to infinity, as shown in Fig. 21 (b) for initial velocity v 0 = 0. They can also hit the singularity at r = 0, at which point we cannot evaluate the solution any further. We take this to correspond to the annihilation behaviour of the AB kinks, and an example of this type of solution, for initial velocity v 0 = −1.5 is given in Fig. 21(c) . Note that there is one behaviour type that we cannot recapture with this model. The AB kinks can reflect off each other and then separate to infinity, but we do not see this in the point particle model.
Finally, when we take a < 0 and g < 0, we mimic the BA scattering. We choose the parameters ferently, an extra minimum may appear in the potential. We deliberately avoid this as it would allow for bound state solutions, and this is not an outcome for the BA configuration. In the point particle approximation with these parameter values, the only outcome is that the solutions hit the singularity at r = 0, beyond which we cannot evaluate them any further. As an example, Fig. 22(b) presents the solutions for initial velocity v 0 = 0. The BA kinks do all eventually annihilate, however for certain choices of initial velocity, they can reflect off each other one or two times before annihilating. We are unable to see this behaviour in the toy model.
To summarise, for the AB and BA configurations, we are able to successfully replicate all of the kink trajectories in this toy model. However, for the AB and BA configurations, we are unable to see the reflection behaviour in the point particle approximation, and can only replicate the repelling and annihilating behaviours. In a point particle model, we are also unable to capture phenomena such as the oscillon, and the bounces in the shepherd field. Possible adjustments to the toy model could include implementing a different friction term. For example, using a friction term such as − dṙe −cr r 2 , we can force solutions in the AB and BA cases to grind to a halt before hitting the singularity.
